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JEE Syllabus :

Trigonometric functions, their periodicity and graphs, addition and subtraction formulae, formulae involving
multiple and sub-multiple angles
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A. BASIC TRIGONOMETRICIDENTITIES

(a) sin20 + cos26=1 ; -1<sin6<1l; -1<cosb6<ly 6eR

(b) sec20 -tan20 =1 ; |seco| 21y 6eR

(c) cosec20-cot26 =1 ; |coseco| 21y 6 e R

Important Trigonometric Ratios :

(a) sinnt=0 ; cosnm=(-1)" ; tannnt = 0wherenel

2n+1 2n+1

(b) sin( n; L -1 & cos( n; m_ 0 wherenel

Trigonometric Functions Of Allied Angles :

If o isany angle,then-6,90x 6,180+ 6, 270 £ 6, 360 % 0 etc. are called ALLIED ANGLES .

(a) sin(-06) = -sino® ; cos (—0) = cosH ; tan (-6) = -tano

(b) sin (90°-06) = cos® ; cos (90°-0) =sin® ; tan (90°-0) = coto

(c) sin (90°+6) = cos6 ; cos (90°+0) = —singd ; tan (90°+60) = —coto

(d) sin (180°-6) =sin6 ; cos (180°-0) = — cos6 ; tan (180°-6) = -tané6

(e) sin (180°+6) = —sin® ; cos (180°+6) = —cosH ; tan (180°+6) = tan6

(f) sin (270°-0) = —cos® ; cos (270°-6) = —sin6 ; tan (270°-0) = cot®o

(g) sin (270°+0) = — cos6 ; cos (270°+0) = sin6 ; tan (270°+6) = - coto
Ex.1 Express 1-2 radians in degree measure.
Sol 1-2 radi —12x@d —12><180 _22

ol. radians = - egrees = 2277 [~.wt= 7 (approx).]
12x180x7
=" 5 = 68:7272 = 680 (-7272 x 60)’ = 680 (43:63)’
= 68943’ (-63 x 60)" = 68043’ 37-8"
9 3n
Ex.2 Calculate sin o if cos o = oET] and ae n,? .
Sol. For any angle o belonging to the indicated interval sin a is negative, and therefore sin o = - /1 - cos? o
2
__ - 9 _ 2410
- 1) 1
5 T
Ex.3 Calculate tan a if cos o = —? and a e TE,? .
Sol. For any angle a belonging to the indicated interval tan o is positive and cos a is negative, and
—v1-cos?a
thereforetanoo =—— = 2.
cosa
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. . 5w i ] o
Given that 5 cos?a -2 sina-2 =0 | —— <o <—], then find the value of cot—.

Ex.4
4 4 2
Sol. Making a quadratic equation in sin?a
. . . . 3 ) 5w gk
(sina+1) (5sinaa-3)=0sihna=-1 sina =§ not possible as T <o <T
3t o 3m ¢ 3n 1
o="",7 =" cot— =
2'2 "4 7 My
Ex.5 Prove that 3(sin x — cos x)* + 4(sin®x + cos®x) + 6(sin X + cos x)? = 13
Sol. L.H.S. = 3[(sin x = cos x)?]? + 4[(sin? x)3 + (cos? x)3)]
+ 6(sin? x+ €0s?X + 2 sin X €os X)
= 3 (sin? X + c0s? X — 2 sin X cos x)? + 4(sin? X + cos? X) (sin*X + cos*x — sin? X cos?x)]
+ 6(sin? X + cos?x + 2 sin x €os X)
= 3(1 -2 sinx cos x)? + 4 [(sin* X + cos* X ) = sin?2 x cos? x] + 6 (1 + 2 sin X . cos x)
= 3 (1 + 4 sin®x cos?x — 4 sin x cos X) + 4 [(sin?X + cos?x)?
— 2sin? X cos?X — sin? X cos?x] + 6 + 12 sinx cos X
= 3 4+ 12sin?x cos*>x = 12 sin x cos X + 4 (1 - 3 sin?2 x cos?x) + 6 + 12 sin x cos x
= 3+ 12 sin?x cos?x + 4 — 12sin?x cos?’x + 6 = 13
cos*A sin*A _ . . .
Ex.6 If——_—-+——_— =1, Prove that sin“A + sin*B = 2 sin? Asin? B
cos“B sin“B
) cos*A sin*A _
Sol. Given, oot 5o =1=cos?A+sin?A
cos“B sin“B
cos* A A = sine A sin* A
or, - Ccos? A =sin?A - —
cos’B sin®B
. cos® A(cos® A —cos®B)  sin? A(sin?B—sin? A)
n = .
cos’B sin’B
008 A cost A~ cost) =52 [(1- cos? B) - (1 - cosiA)]
or, cos? A - cos =— - cos - (1 -cos
cos®’B sin’B
cos?’ A sin®A
2 _ 2 —_— | =
or, (cos? A - cos?B) cos’B _ sin’B 0
When cos? A - cos?B =0, cos? A = cos’B
cos®A  sin®A _ _
when——5—~———— =0, cos?Asin?B = sin? A cos?B
cos“B sin“B
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or, cos?A (1 - cos?B) = (1 - cos?A) cos?’B

or, Cos?A - cos? A cos? B = cos?B - cos?A cos’B

or, cos? A = cos’B

Th cos® A = cos®B
us .-.1—sin2A=1—sinzBor,sin2A=sinzB

L.H.S. = sin* A + sin*B = (sin? A - sin?B)? + 2 sin? Asin?B
= 2sin? Asin? B= R.H.S. [-- sin? A =sin2 B]

Esinx
1 \/ a \/7

Ex.7

Vo - 2
: 1+(1/b;a sinxJ

Simplify the expression . a+btan®x whereb > a > 0.

Sol. After afew simple manipulations, this expression (for brevity denote it by P) can be rewritten

sinxva+btan? x _ sinxva+btan? x

\/a+(b—a)sin2 X \/acos2 X +bsin? x

Some students handle this as follows:

2 sin®x  vacos®x +bsin? x
Ja+btan“x =,/a+b =

cos? x CoS X

and get a wrong answer: P = tan X. In this transformation what we actually have to simplify is the

expression/cos? x Which is equal to |cos x|. And so the final result is P = sinx / |cos X].

~J2-1is not b/w (0, 2x)

1
Ex.8 Iftan6 = 1 where 6 € (0, 2x), find the possible values of 6.
2+ I
24—
2+ .
1 1
Sol. Llettan6=x= 1 =
oy 24X
1
2+ ———
2+ .
—2x+/8
x2+2x-1=0 = X=T\/—=(\/§_])
T 9n
tano = /2| = 8=gore
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Page # 6 | TRIGONOMETRIC RATIOS & IDENTITIES|

cos3[7c + 6) cot(3m+ 0)sec(0—3m) cosec[37t - 6)
Ex.9 Simplify 2 2 .

tan? (6—m)sin(6—2m)

. . 3 2
Sl (—sin> B)(cot 0)(—sec 0)(—sec ) sin” 0-cos” 0-cos O cos O Co
o =-" . . =-— = -Co
tanZ 0sin © sin?@-sinB-cos? O-sin O sin O
Ex.10 If the expression
3n 3n
cos X‘; + sin 7+X + sin (32n + x) — 18 cos(19n - x) + cos(56x + x) — 9 sin(x + 17x)
is expressed in the form of a sin x + b cos x find the value of a + b.
Sol. -sinx-cosx + sinx + 18 cos X + cos X + 9 sin X
18 cos x + 9 sin x = a sin x + b cos x
a=9b=18 a+b=27Ans.
T
Alternatively: putx = 0and x =E to get a and b directly
Ex.11 If sinfo costa 1 that sino cos®ar _
X. = , prove tha =
a b a+b’' " a® b3  (a+b)3
4 4
sin"o  cos” o 1
Sol. Given + =
b a+b
or, b(a+ b)sin*a + a(a + b) (1 - sin%a)? = ab.
or, b(a+ b)sin*a +a(a+ b) (1+ sin*a—- 2sin%a) = ab
or, (a+ b)?2sin‘a-2a(a+ b)sina+ a2+ ab =ab
or, (a+ b)?sin‘a-2(a+ b)sin2a.a+a>=0
or, [(a+Db)sinfa-al?=0
o, (a+b)sinfa-a=0
= sinfa= —— cos?o = ——
a+b a+b
" sin® o . cosfo, _ a’ . b*
oW, 2 b°  (a+b)*a® T (a+b)*b®
a b a+b 1
(@a+b)* T (@a+b)* T(a+b)* T (a+b)®
T T . 10Y -107Y s
Ex.12 If _E <X < 5 and y = log, ,(tan x + sec x). Then the expression E = R simplifies to one of the
six trigonometric functions. find the trigonometric function.
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1+ sinx
Sol. y =log,,(tanx + secx), y =log,, —COSX
, 5 1+sinx) ( cosx {4 sin? x 4 28 5
E= 10 -10 _ | cosx T+sinx ) — +sin® X + smx.—cos X
> 2cos x(1+sinx)
2sin®x+2sinx  2sinx(1+sinx) .
= 2cosx(1+sinx) _ 2cosx(1+sinx) — X
B. TRIGONOMETRIC FUNCTIONS OF SUM OR DIFFERENCE OF TWO ANGLES
(a) sin (A £ B) = sinA cosB £ cosA sinB
(b) cos (A £ B) = cosA cosBF sinAsinB
(c) sin2A - sin2B = cos2B - cos2A = sin (A+B) . sin (A-B)
(d) cos2A - sin2B = cos2B - sin2A = cos (A+B) . cos (A-B)
tanA+tanB cotAcotBF1
e)tan(AxtB)= ———— (f)cot(AxB)=—©g5—F1
(e) ( ) 1rtanAtanB (f) ( ) cotB*cotA
Factorisation Of The Sum Or Difference Of Two sines Or cosines :
D -D D -D
(@) sinC + sinD =2 sin C+ cos C (b) sinC-sinD = 2 cos C sin c
2 2 2 2
D -D D -D
(c) cosC + cosD = 2 cos C+ cos C (d) cosC — cosD = -2 sin O sin c
2 2 2 2
Transformation Of Products Into Sum Or Difference Of sines & cosines :
(a) 2 sinA cosB = sin(A+B) + sin(A-B) (b) 2 cosAssinB = sin(A+B) — sin(A-B)
(c) 2 cosA cosB = cos(A+B) + cos(A-B) (d) 2 sinA sinB = cos(A-B) — cos(A+B)
Ex.13 Suppose x and y are real numbers such that tan x + tan y = 42 and cot x + cot y = 49. Find the value
of tan(x +vy).
Sol. tanx +tany =42and cot x + coty =49
tanx +tany
tan(x +y) = I-tanxtany
1 N 1 tan y +tan X
now, cot x + coty =49 = tanx  tany =49 = tan x -tan y =49
‘ ‘ tanx+tany 42 6
an x any——49 =19 = 7
B
tan (x +vy) = 1—(6/7) = 1/7 = 294 Ans.
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Ex.14 If x sin® =ysin(6+2?nj = zsin(9+
(Byxy +yz+2zx=0

V3

Sol Xsing=y —1sin6+—30059 :>i =— coto-—
2 2 y 2

ﬂj then :
3
(C)xyz+x+y+z=1 (D)none

(A)x+y+z=0

3 1 X
=—£ cote——:onadding; +i 1= xy+yz+2zx=0Ans. B
y

- - X
similarly —
Z

0
then find the value of tan C.

Ex.15 In any triangle if tan—> =2 and tan— = —
X. n any triangle It tan > —6 an an2 —37
5 20
A B ¢ty C  185+120 305 c 122 2tanC/2
_+_ = " — = = . h— = E— .u.tanC:—
sol- tan(Z 2) 5x20° %% Ta: 100 T 1227 "2 T 305 1—tan2C/2]
6x37
244
o305 244305 | 244x305  4x5 20
an-= [122)2 ~(305-122)(305+122) ~ 183x427 3x7 21
(305

Ex.16 Find 0 satisfying the equation, tan 15° - tan 25° - tan 35° = tan 6, where 6 € (0, 15°).

Sol. LHS =tan 15°: tan (30° - 5°) - tan (30° + 5°)
lett = tan 30° and m = tan 5°
t—m t+m ; (3(50)) t> —m? 3m-m’ 1-3m?
= an . = .
1-t?’m*  1-3m? 3-m?

tan6 = tan 15° - .
1+tm 1-t

3tanx —tan® x
~tan 3x = 5 ;
1-3tan“x

m(3-m?) (1-3m?)
: = m = tan 5°. Hence 6 = 5°
t=tan30° = t2=1/3

3—m?

= (1-3m?)

Ex.17 If tan A & tan B are the roots of the quadratic equation, ax? + bx + ¢ = 0 then evaluate
asin?(A+ B)+bsin(A+B).cos (A+B)+ ccos? (A + B).

b c
Sol. tanA+tanB=-— ;tanA.tanB = —
a a
_b b
tan(A+B)=—2- =
1-$ c-a
394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671,93141-87482, 93527-21564
IVRS No. 0744-2439051, 0744-2439052, 0744-2439053, www.motioniitjee.com, email-hr. motioniitjee @gmail.com

TIT-JEE|ALEEE
ooooo PIADS
SAT | NTSE

Nurturing potential through education




| TRIGONOMETRIC RATIOS & IDENTITIES | Page # 9

Now E=cos?(A+B)[atan?(A+B)+btan (A + B) + c]
1 ab’ b’ (c—a)* b’ ( a )
= 5 >+ tc| == P +1|+c
1+b7 (c—a) c—a b” + (c—a) c—al\c—a
(c—a)
(c—a)’ b’c
— E=
b + (c —a)’ {(c—a)erC} ¢

) cos’ 2x +3cos 2x ] o ) )
Ex.18 The value of the expression, 3 6 wherever defined is independent of x. Without allotting
cos’ X —sin’ X

a particular value of x, find the value of this constant.

cos> 2X 4+ 3¢cos 2x cos® 2x +3cos2x cos® 2x +3cos 2x
Sol. 6 . 6 = 2 3 .2 3 = 3 .2 2
cos’ X —sin° X (cos” x)” —(sin” X) cos” 2x+3sin” x cos” x(cos2x)
cos® 2x +3 4(cos2 2x+3) 4(cos® 2x +3)

- cos2 2x +§sin2 2% = 4cos?2x+3-3cos?2x = (cos2 2x+3) = 4 Ans.

Ex.19 Show that cos2?A + cos2(A + B) + 2 cosA cos(180° + B) - cos(360° + A + B) is independent of A. Hence
find its value when B = 810°.
Sol. cos2A + cos?(A + B) - [2 cosA - cosB - cos (A + B)]
cos2A + cos2(A + B) - [ {cos(A + B) + cos(A - B) } cos (A + B) ]
cos2A + cos?(A + B) - cos?(A + B) — (cos2A - sin2B)
= sin2B which is independent of A now, sin2(810°) = sin2(720° + 90°) = sin290° = 1 Ans.

Ex.20 Simplify: cos x - sin(y —=z) + cosy - sin(z - x) + cos z - sin (X - y) where x, y, ze R.
Sol. (1/2)[sin(y-z+X)+sin(y-z-x)+sin(z-x+y)+sin(z-x-y)+sin(x-y+2z)+sin(x-y-2z)]=0

C. MULTIPLE ANGLES AND SUB-MULTIPLE ANGLES

0 0
(a) sin 2A = 2 sinA cosA ; sinf = 2 sinE cosE

(b) cos 2A = cos2A - sin2A = 2cos2A-1=1-2sin2A ;
0 0 0 0
= 2— _gin2— = 2— _ = _ in2 —
Cos 6 = cos > sin > 2cos > 1=1-2sin 5
2 cos2A =1 + cos 2A, 2sin2A =1 - cos 2A ;

0 0
2c0525 =1+ coso, ZsinZE =1-cos6.

2tanA 2tang
(C) tan 2A —m ’ tano = 1—tan2%
2
(d) sin 2A =% , COs 2A = w (e) sin 3A = 3 sinA-4 sin3A
1+tan< A 1+tan<A
3tanA-tan®A
f) cos 3A = 4 cos3A - 3 cosA tan3A= ——
(0 (9) 1-3tan®A
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Important Trigonometric Ratios

; i o in = V31 = o 5_7T’ .
(i) sin 15 orsm12 2\/5 cos 75° or cos 12 ;
N 5n
cos 15° or cosl =ﬂ = sin 75° or sin — ;
12 24/2 12
31 V3 +1
(ew 150 = =2-43 =cot 75°;  tan75° = =2++3 = cot 15°
V3 +1 J3-1
n 4242 n A2+42 n 3n
ii) sins = ;COs— =~——— ;tan— =2 -1 ;tan— = V2 +1
(i) sin 8 > ; COS 3 > ; tan 3 V2 ; tan 8 V2 o+
(iii) sin~ orsin18° = Y°=1 & cos 36° or cos = = Y2+
10 4 5 4

Ex.21 If cot 6 = 1/2, then find the values of sin26 and cos26.

2tan 0 2-2
1+tan’0 ~ 1+4

_l-tan’0 1-4
“1+tan’0  1+4

Sol in 20 3
Ol. Sin = -
! 5

tan 80
Ex.22 Prove that

=(1+ 20) (1 + 40) (1 + 80).
@n® ( sec20) ( sec40) ( sec86)

1+cos20 1+cos 49>< 1+cos80  2cos’Ox2cos’20x2cos’ 40

= X =
Sol.  RHS c0s20 cos 40 cos 80 0826 cos 46 cos86
sin 80 cosO
_ [8cos 0cos20cos40]cosO _ | sin®
a cos 80 ~ cos80

COS X —CO0S 3X
Ex.23 If x = 7.5° then find the value of —————.
sin 3x —sin X

COsX—cos3x  2sin2xsin X

Sol. = tan 2x = tan (2 x 7.5) = tan 15° = 2 -./3 Ans.

sin 3x —sin x 2sin X cos 2xX

Ex.24 Prove the identity,

3n
cos(j + 4“) + sin(3n-8a) —sin(4n-12a) = 4 cos 2a cos 4a sin 6o .

Sol. LHS:sinda + sin8a + sin12a
= 2sin8a cos 4o + sin8a = 2 sin8a cos4a + 2 sin4a cos4a
= 2 cos4a [sin8a + sin4a] = 2 cos 4a [2 sin 6a cos 2a] = 4cos 2a cos 4a sin 6a
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3
s sn{1+5) n[175) <2 51451513
. . . 1
=2 [sm(2+gJ+sm(—gﬂ = z{sm(g—(—Z)j—E} =2cos (-2)-1=2cos2-1.

T T
Thus, 4 sin[“‘gj cos(“‘gj =2cos2-1.

o T
Ex.25 Calculate 4 sin[”g] cos [H—].

2cosP —1 ) o p
Ex.26 If cosa =— then find the value of tan— cot—~ (0 <a<mand 0 < B < 7n)
2 — cosP 2 2

1 2 — cosfP _, 1-cosa _3(1-cosp)

Sol. = (Componendo & dividendo)
cose, 2cosP -1 1+ cosae 1+ cosP
o o
= tan’— = 3tan2% = tan’— cotZ% =3 Ans. 3

o 4 3n
Ex.27 Calculate cos— ifsinao=— andoae |~ 5T,

2 5 2
Sol. First of all we seek cos a. Since cos a is negative for any angle a belonging to the indicated interval,
3
we have cos o = —\/{—gin?q = - 5
, LI a _(_ 8t = o . . o
Since a e 5 , it follows that > 4 o For any angIeE belonging to this interval cosE is
o 1+cosa 5
also negative, and therefore cosE = - K = —%. Thus cos %z —%.

o 3r
Ex.28 Calculate sinE if sin o =¥ and o e (”?j .

Sol. Since cos a is negative for any angle a belonging to the indicated interval, we have cos a = -

Ji-sin® o =—%_

3r a T 37 o
Since a e n,? , it follows thatE € E’T . For any angle sinE is positive, and therefore

oo /1—cosoc 242 o 242
sin— = = . Thussin —=——.
2 2 3 2 3
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o 7 3r
Calculate tan— ifcos 2a =—= and a e —7‘:—7 .

Ex.2
x-29 2 32
Sol. Since cos a is negative for an angle a belonging to the indicated interval,
1+ cos2a A/ 39
we have cos a = = - .
2 8
: [_n_3_“J . o L_E_%J o . . a
Since a e 4 ) it follows thatE € 5 g | For any angIeE belonging to this interval tanE
_ o +4/
is negative, and therefore tan 2 - 1-cosa = tan— = - 8+v39 .
2 Vi+cosa 2 5
Ex.30 If sin A = 12/13. Find the value of tan A/2.
Sol. sinA=12/13 =  AisinlIquadrantor Il quadrant
cos A can be 5/13 or - 5/13
Case-I: AisinIquadrant
0<A/2<T/4 cos A =5/13
; A I—-cosA 1-(5/13) 8 \/Z 2
an— = —_— = = ] —_ =
2 “Vi+cosA V1+/13) “V18 Vo ™ 3
Case-II: AisinII quadrant
/4 < A/2 <T1/2 cos A=-5/13
A i—cosA  [I+G/13) 18 \P 3 A2 3
an - =47 = =.— =4/7 =7 .. tan—— canbe or
2 Vl+cosA V1-(513) g8 V4 2 2 372
Ex.31 The figure (not drawn to scale) shows a regular octagon ABCDEFGH with diagonal AF = 1. Find the
numerical value of the side of the octagon.
Sol. 06 =22.5° (£ A0B = 459) Centre
A A B
X 2
tan 22.5° = —— 12 H C
21 °0
G D
_ o — A X2 B
x =tan22.5°= [y _| —
Ex.32 If —tane 1 find th I f —COte
X tanO—rtan30 3’ 0 e VAEOn e —cot30
tan O 1
Sol. ————=— = 3tan 6 = tan 6 - tan 36 = 2tan6+tan36=0
tanO—tan30 3
3tan®—tan> O 5
2tan6+————— — =0, 2(1-3tan%e) + 3 -tan2e =0 = tan?e = -
1-3tan“ 0 7
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Ex.33

Sol.

Ex.34

Sol.

coté tan39 3tan6-tan’ 0
now, cot®—cot30 tan36-tan® 3tan®—tan®0
1-3tan“ 6

(1-3tan? 9)[

B tan O(3 — tan> 0)(1—3tan’ ) _ 3—tan’ @ _ 3-(5/7) ~ 16 —gAns
tan O(1—3tan” 0)(3—tan’ O —1+3tan’ 0) 2(1+ tan? 0) 21+(5/7)) 212 73 '

tan © cotO
tan O —tan 30 * cotO—cot 30

Alternatively: Prove that = 1 now proceed

In a kite ABCD, AB = AD and CB = CD. If ZA = 108° and £C = 36° then the ratio of the area of AABD to

] ) a—btan? 36° ) . -
the area of ACBD can be written in the form —————————— where a, b and c are relatively prime positive
c

integers. Determine the ordered triple (a, b, ¢).
Since the triangles ABD and CBD have a common base,
hence the ratio of their areas equals the ratio of their heights.

h
Since tan 36° = —, then h = x tan 36°.
X

k
[y tan 72° =— then k = x tan 72°.
X '

h  xtan36° tan 36° 1—tan?36° P
Hence, - =———~=———F—-— ="
k xtan72° 2 tan 36° 2

1-tan? 36°
Then ordered triple (a, b, ¢) is (1,1, 2) Ans.

If a, B, Yand & be the roots of the equation, 2 cos 26 -2 cos 6 + 1 = 0, all lying in the interval [0, 2x]
then find the value of the product, cos o . cos B . cos y. €cos 3 .

2+ J4+16  1+45

4 cos?20-2cosH-1=0 cos 9 = =
8 4

J5 -1 T [575 n]

= — in— = _+_
2 sinTy =<0s (79 " 7o

= COS @
B 10

cos 0 = Oor cos 6 = —

3r T om 1

i
H P= = = — = = —
ence COST COS™/~ COS— - COS~— T
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Ex.35

Sol.

Ex.36

Find the positive integers p, q, , s satisfying tan— = (\/_ \/_)( )
0 1-cosH

Solving using the Identity tan—- =— where 6 = —
2 sin 0 12

_V6+2
o _1-cosIse 4 _4—(J€+ﬁ)_ [4— (6 +42)][V6 ++/2]
M4 T sin1se T o VJe-2 T Je-v2 4

= (J6++2) - (244/3)
=6 -+3)-[2-v2) =32 - -2(2-1) = (B-vV2)W2 -1)

hencep=3,q=2;r=2;s=1

4
=4(JE+J§)—(8+4J§)
4

. (n yj . (n xj " ot sin x(3+sin” x)
an = tan en prove that siny =
4 2 4 2 P Y= 1+3sin? x

anl 3 w53
Y R D

Sol.
. . 3
cos(y/2) +sin(y/2) cos(x/2) +sin(x/2)
cos(y/2)—sin(y/2) ~ | cos(x/2)—sin(x/2)
squaring both sides
1+siny (1+sinxj3 l+siny  1+sin® x+3sinx +3sin’ x
I-siny = (1-sinx ) ' I-siny = —gin®x —3sinx +3sin’ x
using C&D
l+siny—1+siny  2sin® x +6sinx ) sin x(sin” x +3)
3 3 = ) sosiny = ) hence proved.
I+siny+1-siny 2+68in” x 1+3sin” x
Ex.37 If sin X, sin22x and cos x - sin 4x form an increasing geometric sequence, find the numerical value of
cos 2x. Also find the common ratio of geometric sequence.
Sol. Givensinx, sin?2x and cos x - sin4x arein G.P. (r > 1 as G.P. is increasing)
= sin%2x = (sin x) (cos x) (sin 4x) = 16 sin*x cos*x = sin x cos x sin 4x
= 16 sin3x cos3x = sin 4x (sin x # 0, cos x # 0)
= 16(sin x cos x)3 = 2 sin 2X - cos 2X =  (sin 2x)3 = sin 2x - cos 2x
sinZ22x = cos 2x (sin 2x = 0), 1-cos?2x =cos2x, y2+y-1=0
—1%4/5 —/5-1 ~1++/5
COS 2X = > ;  €os 2x cannot be hence rejected COS 2X = >
. 1—cos2x 3-45 J5-1
sin x = = =——F=
V2 2 242
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J5-1 sin® 2x ) )
COS 2X = r=—: = 4 sin x cos?x = 2 sin x(1 + cos 2x)
2 sin X

J5-1 J§+1 4
r=T 2\/— =,/2 Ans.

0
Ex.38 Prove using induction or otherwise that, 2 cosz—n = \/2 + \/2 + \/2 + . A2+ 2cos O

where R. H. S. contains n radical signs and 6 (0, «).

Sol. 2cosg = /2 (1 + cos0)
2c052—62 = (2(1+cos§) = 2421+ cosh)

0

ZCOS? - 2(1+COS_) \/2+2COS \/2+\/2+,/2 (1+ cos®) and so on.

430 .45t . 4Tn 4T 43m 4 5T ki

. 4T .
Ex.39 Prove thatSll’l4§+Sln ?-FSIH ?-FSIH ? = COS §+COS +CcosS —+cos —.

8
Also find their exact numerical value.

. 4T . 43T 5T gk
Sol. LHS = Sll’l4—+SII'14 +sm4—+sm4—
8 8 8 8

2(5in4 ki +sin? 3—7:) = Z(Sin4 ki +cos” Ej = 2(1 —2sin? ki cos? Ej
8 8 8 8 8 8

4 T 43% 457C 41T
RHS = cos §+COS ?‘FCOS —+cCos ?

2(cos42+cos4 3_7tj =2(sin4E+cos4Ej = 2(1—25in2£cos2 Ej=2 1—l = g
8 8 8 8 8 8 4 2
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T 2n 3r 4T 5rn 6m
40 Show that COS—C0S—C0OS—C0OS—C0S—CO0S—CO0S—

7n [1)7
15 \2) "

EX. 15°°°16 15" 15 o415 " 15
Sol We P2 5 T 4T 5 2n
ol. s —, - s =
e have sm15 sm15 15 sm15 sm15 15
8r _ 5 411: 411: 16n 5 87: 87:
sinD— = 2sin— , Sin—— = 2sin— —.
15 15 15 15 15 15
Multiplying the equalities and notin thats'n@ = - sin T cosg = cosﬂ
ultiplying qualiti ing i 15 = i 15" 15 = 15"
cos— cosE cosﬂ cosE -
15 15 15 15 ~ 24
Furthe cos @—l
ureher 15 2°
and s'n@ = Zs'ng cos ﬂ s'nﬂ = Zs'n@ cos @
N =545 35 NG5 = <5MNy5 35~
H 3n 6mn 1
ence COS—— .COS—— = 5.
15 15~ 22
The rest is obvious.
Ex.41 Prove the following identities
sin(n +1)x
————— = 2C0SX -
sinnx 2C0SX —
2cosx —-. 1
2C0S X
(a total of n links);
1 P
Sol. Put 2cosx - 1 = Q.-
2C0SX — 1 n
2cosx —-. _
2C0S X
We have — = 2 cos X
Q, )
sin2x sinx
Therefore we may put Po=—7—", 1T o
sinx sinx
Py 1 4cos® x —1
Further ~ =2C0SX-— = .
Q, 2co0s X 2cos X
c " tak p sin3x sin2x
onsequently, we may take = — , = — .
q Y 4 2 sinx 2 sinx
sin(n +1)x sinnx
Let us prove that then P . Q=2 for any n.
sinx sinx
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Page # 17

Assuming that these formulas are valid for subscripts not exceeding n, let us prove that they also take

place at n + 1. We have
sin(n+1)x sinnx 1
P,,,=2cosx . T
sinx sinx  sinx

sin (n + 2) x.

In the same way we find that Q,, , = Sinx

for any whole positive n.

D. CONDITIONAL IDENTITIES

¢ _ tanA+tanB+tanC—tanAtanBtanC
an(A+B+C) = 1—tanAtanB—tanBtanC—tanCtanA
If A+B+C = nthen

(a) tanA + tanB + tanC = tanA tanB tanC

b) t At E+t Et E+t 9t A—1
()an2 an2 an2 an2 an2 an2—

(c) sin2A + sin2B + sin2C = 4 sinA sinB sinC
A B C
(d) sinA+sinB+sinC=4 cos; cosE cos;

(e) cos 2A + cos 2B + cos 2C = -1 -4 cos Acos B cos C
C

A B
(f) cosA+cosB+cosC=1+4sinE sinE sinE

tanA

Ex.42 IfA+ B+ C =, prove thaty — ===

sin(n +1)x P
= ——, and therefore Q_
n

=> tanA-2> cotA.

_sin(n+1)x

sinx

tan’A+tan®B+tan’C _ (tanA+tanB+tanC)?—2>tanAtanB

Sol. LHS=

tanAtanBtanC > tanA

[ . e

tanAtanB+tanBtanC+tanCtanA
tanAtanBtanC

= tanA—Z[

Ex.43 IfA+ B+ C =mnandcot 8 = cot A+ cot B+ cot C, show that,
sin (A-6).sin (B-06).sin(C-6) =sin*06.

Sol. Givencotd=cotA+cotB+cotC or cot6-cotA=-cotB + cotC

Ytan A = ITtan A]

} =Y tan A-2 > cotA]

in (A -6 in(B+C in A in?
or S,m( _ ) _ S,m( _ ) - LS or sin(A—e)=& sin® e, (1)
sin O sin A sin B sin C sin B sin C sin B sin C
sin’> B sin® C
similarly sin(B-6) =——— sine ... 2 sin (C-0) = sine ... 3
Y ( ) sin C sin B (2) ( ) sin A sin B (3)

Multiplying (1), (2) and (3) we get the result
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Ex.44 Find whether a triangle ABC can exists with the tangents of its interior angle satisfying, tan A = x, tan

Sol.

B =x+ 1andtan C =1 - x for some real value of x. Justify your assertion with adequate reasoning.

In a triangle ZtanA =HtanA (to be proved)
X+X+1+1-x=x(1+x)(1-x%)
2+Xx=x-x3 x3=-2; x=-23
Hence tanA=x<0 and tanB=x+1=1-213<0
Hence A and B both are obtuse. Which is not possible in a triangle. Hence no such triangle can exist.

Ex.45 Prove that

(a) sinAcos (B-C)+sinBcos (C-A)+sin>Ccos(A-B)=3sinAsinBsinC;
(b) sinAsin(B-C) +sin*Bsin (C-A)+sin3Csin(A-B)=0
ifA+B+C=m.

Sol. (a) We have

(b)

Z sinAcos (B-C) = z sin2Asin Acos (B-C) =

]
=§Z sin? A {sin (A + B - C) + sin (A- B + C)}.
But since A+ B + C = &, we have

)
> sin*Acos (B - C) =EZ sin2 A (sin 2C + sin 2B)

Z sin? A (sinB cos B + sin Ccos C) =

=sin? AsinBcosB + sin?AsinCcosC+ sin2Bsin Ccos C + sin?Bsin Acos A +
sin? C sin A cos A + sin? C sin B cos B

= sin A sin B (sin A cos B + cos A sin B)

+ sin A sin C (sin A cos C + cos Asin C) + sin B sin C (sin B cos C + cos B sin C)
=sinAsinBsin (A+ B) +sinAsinCsin (A+C)

+sinBsinCsin (B + C) =3 sinAsinBsinC.

We have

> sin*Asin(B-C) =) sin2AsinAsin (B-C)=) sin?Asin (B + C)sin (B - C)

1
EZ sin? A {cos 2C - cos 2B) = z sin? A(sin? B - sin2 C)

1 1

=sin? Asin?2B sinZCZ [m—sm—gBj =sin?Asin2Bsin2C

1 1 1 1 1 1
X - + - + - =0
{sin2 C sin®B sin?A  sin®C  sin®B  sin? A}

Ex.46 Prove the identities

(a) sin 3Asin3 (B - C) + sin 3B sin® (C- A) + sin 3Csin®*(A-B) = 0;
(b) sin 3A cos? (B - C) + sin 3B cos?® (C - A) + sin 3C cos® (A - B) = sin 3A sin 3B sin 3C
ifA+B+C=m.

Sol.(a) We have sin 3x = 3 sin X — 4 sin3x.

. . 1 . : :
Thereforez sin3Asin®(B-C) = ZZ sin3A{3sin(B-C)-sin3(B-C)}
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=%Z Sin3(B+C)sin(B—C)—%Z sin3(B+ C)sin 3 (B-C)
= %Z {cos (2B + 4C) - cos (4B+2C)—%Z (cos 6C - cos 6B)

3
= EZ {cos 2 (B + 2C) - cos 2 (C + 2B) + cos 2 (C + 2A)

-cos2(A+2C)+cos2(A+ 2B)-cos 2 (B+ 2A)}

1
—E {cos 6C - cos 6B + cos 6A — cos 6C + cos 6B —cos 6A}.

But cos (2B + 4C) = cos (2B + 4A), cos (2C + 4B) = cos (2C + 4A),
cos (2A + 4C) = cos (2A + 4B).

And so, we finally have z sin 3Asin®(B-C) =0.
(b) Since cos 3x = 4cos3 x - 3 cos x, we have z sin3A cos? (B - C)

= %Z sin 3 (B + C) {cos 3(B-C) + 3 cos (B-C)}

= %z sin3(B+C)cos3(B—C)+%z sin3 (B + C) cos (B - C)

1 . . 3 . .

= EZ (sin 6B + sin 6C) + EZ {sin (4B + 2C) + sin (2B + 4C)}
1 . . . . . .

=Zz (sin 6A + sin 6B + sin 6C) = sin 3A sin 3B sin 3C.

Ex.47 Given the product p of sines of the angles of a triangle & product q of their cosines, find the cubic
equation, whose coefficients are functions of p & q & whose roots are the tangents of the angles of
the triangle.

Sol. Given sinA sinB sinC = p ; cosA cosB cosC = g
Hence tanA tanB tanC = tanA + tanB + tanC = p/q
Hence equation of cubic is

x3 - %x2+2tanAtan Bx - % =0 (D)
sin A sin BcosC +sinBsinCcosA +sinCsin A cosB
nOWZ:tanAtanB:
cosA cosBcosC
We know that A+ B+ C=n
cos(A+B+C) =-1; cos(A+B) cosC -sin(A+B) sinC= -1

( cosA cosB - sinA sin B) cosC - sinC (sinA cosB + cosA sinB) = -1
1+ cosA cosB cosC= sinA sinB cosC + sinB sinC cosA + sinC sinA cosB
dividing by cosA cosB cosC

1+
—q:ZtanAtanB
q
Hence (i) becomes gx3 - px2 + (1 + q)x - p = 0 Ans.
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Ex.48

Sol.

Ex.49
Sol.

Ex.50

Sol.

Ex.51
Sol.

MAXIMUM & MINIMUM VALUES OF TRIGONOMETRIC FUNCTIONS

(a) Min. value of a2 tan? 6 + b? cot?6 = 2ab

(b) Max and Min. value of acose + bsin® are /32 + p2 and - /32 +b?

(c) If f(6) = acos(a+6) + bcos(p+6) where a, b, o and B are known quantities then

- \/a2 +b? +2abcos(a—B) <f(6) < \/a2 +b? + 2abcos(o - B)

oL
(d) Ifa,Be [O’Ej and o+ = o (constant) then the maximum values of the expression

cosa cosP, cosa + cosP, sina + sinf and sina sinf
occurs when a=p=0/2

yis
(e) Ifa,Be [OEJ and a+ B = ¢ (constant) then the minimum values of the expression

seca + secP, tana + tanp, coseca + cosecp occurs when o= =0c/2.
(f) If A, B, C are the anlges of a triangle then maximum value of

sinA + sinB + sinC and sinA sinB sinC occurs when A = B = C = 60°
(g) In case a quadratic in sind or cose is given then the maximum or minimum values can be interpreted
by making a perfect square

Find the minimum vertical distance between the graphs of y = 2 + sin xand y = cos x.

T 7
dmm=min(2+sinx—cosx)=min[2+ﬁ sin X_Z ]=2—\/§ atx:Z

If a sin2x + b lies in the interval [-2, 8] for every x € R then find the value of (a - b).
f(x) =asin’x+ b
f (x) has a maximum value of 8 which occurs when sin2x = 1
a+b=8 ...(1)
[y f (x) has a minimum value of — 2 which occurs where sinx =0
W b=-2 e (2)
from (1) and (2) a=10;b=-2 = a-b=12 [Ans. 12]

Find the greatest value of ¢ such that system of equations
x2+y2=25; x+y=c hasarealsolution.
put x = 5cos 6 y=5sin6

5(cos 8 +sinB) =c; but (cos 8 + sin @), =+/2 and (cos 6 +sin 8) .., = - /2

hence, ¢, =52 Ans.

Find the minimum and maximum value of f (X, y) = 7x2 + 4xy + 3yZ subjected to x2 + y2 = 1.
Let x=cos® and y=sin®
y = f(0) = 7 cos26 + 4 sin 6 cos 6 + 3 sin26 =3+ 2sin 20 + 2(1 + cos 20)

=5+ 2(sin26+ cos20)  but -,/ <(sin 26 + cos 20) < /)

Ymax = 2 + 242 and Yemin = 5 — 22
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Ex.52 Let f(x) = sin®x + cos®x + k(sin*x + cos*x) for some real number k. Determine

(a) all real numbers k for which f (x) is constant for all values of x.

(b) all real numbers k for which there exists a real number 'c' such that f (c) = 0.
Sol. (a) f(x) = (sin2x + co0s2x)3 - 3 sin2cos2x(sin?x + cos2x) + k[(sinZ + cos2x)2 — 2sin2x cos2x]

= 1 - 3sin?x cos2x + k(1 - 2 sin2x cos2x)
f(x) = (k + 1) - sin®x cos?x (2k + 3) ....(1)

for f (x) to be independent of x k = —E Ans.

(b) f(c) =(k + 1) -sin2ccos?2c (2k + 3) =0

- . k+1 1 220 < _22_4(k+l)
sin‘c cos?c = k13 4(sm C)_2k+3 =  sin‘2c = k43
but 0 <sin?2c<1
4(k+1)
< <1
2k+3
i 4(k+1) Y (k+1) S
soving 2k+3 2k+3
3 | |
hence k=>-1 or k<—§ _3n 1
1 solvi 4k +1) <1 4k +4 <o 4k +4 -2k -3 & t
agan soVINgG “op 43 SH k43 TS k43 3 “1n
K+l ) {—1—1}A
k13 S ence € 5 | Ans.
Ex.53 If o, o, ...... , o, are real numbers, show that,
(cos a, + cos o, + ...... + cosa )+ (sina, +...... +sina )?<n?.
Sol. LHS = (cos?a, +sin?a,) + ....... + (cos? o, + sin?a,) + 2 X cos (o, —a,)
"C, terms
sn+2w=n2

Ex.54 Show that the expression cos (siné + ./sin? g + sin? o ) always lies between the values of £ /{4 gin? g, -

Sol. Lety = cost (sind + {/sin?0+sin®a )
or, y - €os8 sine = cosé (/sin? 0+ sin® o)

or, (y - cos6sing)? = cos?6 (sin%6 + sin’a)

or, y2-2ysin® cos 6 + c0s?6 = c0s20 sin%6 + c0s26 sin%o

or, y2 - 2ysing cos 6 + c0s?6 = C0S%0 + c0s?0 . sin%on

[Here we have added cos?6 on both sides to get 1 + sin?a]
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or, y? -2y sin® cos 6 + co0s?0 = cos?0 (1 + sin%a)
or, y%2.sec’0-2ytan6+1=1+sin?a (dividing by cos? 6)
or, y2tan?e - 2ytane + 1 = (1 + sin%a) - y? (sec?6 =1 + tan?0)
or, (ytane - 1)?= (1 + sina) - y?

square of a real number >0

1+sin2a-y2>0

o, y?=(y{1+sina)*<0= vy liesbetween -,/1+sin>q and y1+sinaq -

F. SUMMATION OF TRIGONOMETRIC SERIES
Sum of sines or cosines of n angles
Sin%B n—1
sino+sin(a+p) +sin(o+2B) + ...... +sin(a+n—1g) =——5 sin 0€+7B
sing
2
Sin%B n—1
cosa+ cos(a+B) +cos(a+2B)+...... + cos(a+n—-1B) =—; B~ cos 0€+7B
sing
2
) _ T 3n S5n
Ex.55 Find the sum of the series, cos + cos + cos + e upto n terms.
2n+1 2n+1 2n+1
Do not use any direct formula of summation.
Sol. Leto=
2n+1
S=cos0+cos36+cosb50+........ cos (2n - 1)6
(2sinB®) S =2sin6[cos O+ cos 30+ cos 56+ ........ cos (2n - 1)0]
T,=sin20-0; T,=sin46 -sin 206; T; =sin 66 —sin46........... T,=sin2n6 -sin2(n-1)6
. 2nm
sin ot 1
(2sinB)S =sin2no; S ——entl - Ans.
. T 2
2sin
2n+1
35 m
Ex.56 GivenZsin 5k = tan(—j , Where angles are measured in degrees, and m and n are relatively prime
n
k=1
m
positive integers that satisfy — < 90, find the value of (m + n).
n
Sol. LHS: S=sin5+sin10+sin15+ .......... +sin 170 + sin 175
.5 5
S 2Sln5 =2sin [Sin5+5siN10+ ..oo.., +sin 175]
T 5 15 T 15 25 T 345 355
= COST - COS—_; = COS T — COS T .evrrnnnn ; = COS—- - COS——
1 2 2 2 2 2 35 2 2
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Ex.57

Sol.

Ex.58

Sol.

Ex.59

Sol.

(zmgj e 355 180 175 175
—cos2 cos , = sin ) sin 5, = sin >
175 . 175
i sin—— :
. 2 sin—, (175) (m)
S= = =" 714z =tan = tan|
sin > cos(90— 5) coS 175 2 n
2 2 2
m=175andn=2 = m+n=177 Ans.

Find the sum of the series,
cot2x.cot3x +cot3x.cotdx + ...... +cot(n+1)x.cot(n+2)x.

cot(n+2)x.cot(n+1)x+1
cot(n+1)x—cot(n+2)x
orcotx[cot(n+1)x—-cot(n+2)x]=cot(n+2)x.cot(n+1)x+1
Hencecot (n+ 1) x.cot (n+2)x=cotx[cot(n+1)x-cot(n+2)x]-1
Putn=1,2,3,...... , h and adding we get sum of the series

cotx=cot[(Nn+2)x-(n+1)x]=

n
=cotx[cot2x—cot(n+2)x]—5

- tan -9
2n
Evaluate : Zl { 9 _] .

2l 2™t cos P
2
. .0
=tan% _ sm% _ 2sin % =2(1—cos6) _ 2 ) 1
1 cos© COS%COSG sin®cos 0 sin 20 sin 26 sin O

- 1 1 1 2 1
Similarly T,=—"—"—-—""7%; T, = 5 o " L = Ans. ! — -
sin® 2sin 5 27 gin P on-1gin 0 sin26 6

2n—1

— . 2X . X
Let f (x) denote the sum of the infinite trigonometric series, f(x) = ZSIH3_nSln3_n .
n=1

Find f (x) (independent of n) also evaluate the sum of the solutions of the equation f (x) = 0 lying in the
interval (0, 629).

oo

N | =

& X X
E {cos—n—cos n_l}
n=1 3 3

n=l1 n=1

now substitutingn =1, 2, 3, 4........

! cos x CoS ! cos X CoS X ! cos X cos * ! cos x cos X
f(x)=75 S COSX |+ 2 COST I+ =3 CO8 T s + 5 o
.1 X 1
f(x) = r%im = 0053—n—COSX = E[l—cosx] nowf(x)=0=cosx=1 x=2nm, nel
sum of the solutions in (0, 629),S =2[n+ 2x + 31 + ....... + 100m] =2 - 5050 = 10100x Ans.
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89
Ex.60 Evaluate Z;Z
oo 1+ (tann®)
1 1 1 1 1
_ >+ >+ 5t s + S+ 5
1+ (tan1°) 1+ (tan 2°) 1+ (tan 3°) 1+ (tan 88°) 1+ (tan 89°)
reversing the sum
1 1 1 1

— o s + +
ST 11 (cotl®)? 14 (cot2°)? 14 (cot88°)?% 1+ (cot89°)?

Sol. S

& 1 N (tan n°)?2

25 = % S— -
n:11+(tann°)2 1+(cotn®)?  no 1+ (tann®)> 1+ (tann®)

2
89

=D l=1+1+.... +1=89 . S=44.5Ans,
n=1

G. ELIMINATION

Ex.61 Eliminate 6 between the equation a secé + btan6 + c = 0and pseco + qtand + r = 0.
Sol. Givenaseco+btano+c=0 ...(1)
andpseco+qtano+r=0 ...(2)
Solving (1) and (2) by cross multiplication method, we have

seco _ tano _ 1
br-qc pc-ar ag-pb

2 2
br-qc | (pc-ar 4
(aq—pb] (aq—pr -

o, (br-qc)*-(pc-ar)>= (aq - pb)?

sec’d - tan2e=1

Ex.62 If 0 is eliminated from the equations, a cos 6 + b sin 6 = c & a cos?6 + b sin?6 = ¢, show that the
eliminantis, (a-b)?(a-c)(b-c)+4a?b2=0.

Sol. acos6+bsine=c . (1)
acos’0+bsinfe=c L. (2)

From (2) sinze—c_a and cos?6 = b-c
" b-a )

—a

Now squaring (1) a2 cos?0 + b?sin?0 + 2 ab sin 6 cos 6 = 2

azb_c+bzc_a—c2——2ab b-c c—a
b-a b-a a b-a \b-a

or a2(b-c)+b?(c-a)-c2(b-a)=-2ab b-c 4c—a
(a-b)(b-c)(c-a)=2ab \b-c 4/c—a

(a-b)X(b-c)X(c-a)}=4ab*(b-c)(c-a)
(a-b)>(b-c)(c-a) =4 a?b?= Result
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Ex.63 Eliminate 6 and ¢ from the relations
m2tan20 + ntan?¢ = 1, m2cos?0 + n?sin2¢ = 1, m sin 8 = n cos .
and find the relationship between m and n.
Sol. Inorder to be able to take advantage of the third relation, rewrite the second so that it embodies the
products m sin 8 and n cos ¢.
m2sin?0 + n2cos?2g=m2+n?2-1
Then, taking into account the third given equation, we get 2n?2 cos?¢ = m?2 + n2 -1
Further more, from the third relation we have

2 2 2 2 2

n +n° -1 m<—n< +1
2 = - sin? = —_—— 2 = - _—

cos’0=1-sin26=1 5 cos’p =1 ( om? ] 5

2m

Now rewrite the first of the given relation in the form

m2|— L 1] + 2 ! —1 =1
cos?@ cos’ ¢ B

and substitute the expressions found for cos?6 and cos?¢ to obtain a relation between m and n:
2m* on*

+ =m?+n?+1
m?-n®+1 m?+n?-1
Miscellaneous Questions
. . . T R¥ 51 T
Ex.64 Form a biquadratic equation whose roots are, cosE , cos? , cos? , cos? .

Sol. Let x, = cos 20° ; x, = cos 60° ; x, = cos 100° ; x, = cos 140°
Hence the equation is, x* — (£ x,) X3 + (Z X, X,) X? = (E X, X, X;) X + X, X, X;X, = 0

1
Now X x, = 5 + cos 20° - cos 40° - cos 80°

N | =

1
+ cos 209 — (2 cos 60° cos 20°) = 5

1 1
X, X, XX, =7 COS 2009 cos 40° cos 80° = Ir3

X X, X, = cos 60° (cos 20° + cos 100° + cos 140°) + cos 20° cos 100° + cos 20° cos 140°
+ cos 100° cos 140°

1
(zero) +5 [ cos 1209 + cos 80° + cos 160° + cos 120° + cos 120° + cos 400 ]

{_

1 1 1 1
— o o) o o + + +
L X, X, X; = cos 20° cos 60° cos 100° cos 140 { c0s60°  c0320° " c0s100° 0081400}

1 1 [ 1 1 ) 1 1 (cos 40° + cos 80°)
=— |2+ - + =— |2+ -
16 c0s20° cos80°  cos40° 16 c0s20° cos40° cos80°
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Ex.65

Sol.

Ex.66

Sol.

_ 1
16

” 4 | cos20° _ i )4 c0s40° cos180° — cos’ 20°
c0s20°  cos40° cos80° 16 c0s20° . cos40° . cos80°

=— |2+
16 1/8

o o 1+ cos40°
1 %(005120 +cos40)—(fj i 2+—%+%Cos400_%_%cos400 i 3 3 o
1] 4
+

1 3 1
Hence the required equation is, x4—5 x3 (——j xz—(——) X +i =0

= 16x*-8x°-12x*+4x+1=0

P that tEt @t@—w
rove a an7.an 7.an7 =

Lete—E 76 =
—7.. =T

o, 40+ 30=m or, tan(46) = tan(n - 30) or, tan46 = -tan36

4tan6-4tan’6 {Stane—tans e]
1-6tan’0+tan*e 1-3tan®6

or,

1-622+2 1-322

o, (4-4z*)(1-32?)=-(3-2*)(1-62>+2z%) or 12z*-16z>+ 4 = —(-z% + 9z* - 1922 + 3)
or, z6-21z*+3522-7=0 ...(1)

4z - 478 3z-27°
or, 7= [where tan 6 = z (suppose)]

yis 2n 3n
This is cubic equation in z%i.e. in tan?6, the roots of this equation are therefore tan27 , tan27 and tan27

From (1), product of the roots = 7

tan? I tanzg tanzg =7 tan I tan@ tan3—7t = V7 Hence the result

2n
Ife = E prove that tane tan26 + tan26 tan46 + tan46 tan6é = -7.

We have to prove that
(tand tan206 + 1) + (tan26 tan46 + 1) + (tan46tan6 + 1) = -4

sin@sin20 sin20sin 406 sin40sin6
—— 1| | ——— 1| 4| ———+1| =-4

0 cos 0cos 20 c0s20cos 40 cos46cos0

<3

cos o N c0s 20 N cos 30 3
cosfcos20  cos20cos40  cosOcos4O

or,

o, — ! 1 _ 4 [.-.39:27t—49as€)=2—7n}

+ + =
c0s20 cos46 coso

c0s0cos40 +c0s20cos6 +cos406cos20 3

cos0cos206cos46
or, 2cos0 cos40 +2c0s26 cosd + 2cos46 cos20 = — 8cosO cos20 cos46

or,
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Ex.67

Sol.

Ex.68

Sol.

or, cos50 + cos36 + cos36 + cosh + cos60 + cos20 = — 8cosO cos26 cos40
or, €osB + cos26 + cos30 + cos40 + cos50 + cos60 = — 8cos6 cos26 cos360
[.. 306=2n-46 €C0S360 = cos40]

or, 2cosO + 2c0s20 +2co0s30 = —-8cos cos26 cos30

[ 66=21-0,50 =21 - 20 and 46 = 21 - 30]

o An 6n_ , 2n dn 6%
or, cos 7 cos 7 cos 7 = cos 7 cos 7 cos 7
Now,  LHS. = o2 4 cos ¥ 4 cos®T = 1

ow, ...—cos7 cos7 cos7 =3

Ao c0s . cosdm o 8m _ 1

socos7 .cos7 cos7 =3

1 1
R.H.S. = - 4.§ = - E . Hence the result.

sinA +sinB +sinC <§
cotA +cotB+cotC 2°

In a triangle ABC prove that

sinA +sinB+sinC
cotA +cotB+cotC

Lety =
We know that in a triangle ABC, ZCotAcotB =1

’
= (cot A + cot B + cot C)? = ZcotzA+2=EZ(cotA—cotB)2 +3

= (cotA+ cotB+cotC)?>3= cotA+ cotB+ cotC=> ,/3

3V3

AIsosinA+sinB+sinCsT

= yismaximum whose denominator is minimum and numerator is maximum simultaneously.

= Y gﬂg§.
237 2

In triangle ABC, cos A.cosB+ cosB.cosC+cosC.cosA=1-2cosA.cosB.cosC. Prove that
itis possible if and only if AABC is equilateral.

YcosA.cosB=1-2cosA.cosB.cosC=1-cos C(cos (A+ B) + cos (A-B))
=1-cosC(cos (A-B)-cosC)=1+ cos (A+ B)cos(A-B)+cos?C

=1+ cos? A -sin? B + cos?C = cos? A + cos?B +cos?C = X cos?A.

Thus we have, 2X cos? A-2XcosA.cosB =0

= (cos A-cos B)?2+ (cosB-cosC)> + (cosC-cosA)?>=0 = cosA=cosB=cosC=~2£A=,/B=~«C
Thus triangle ABC is equilateral

yis 3
Now if A is equilateral ZA = #ZB = £C =§ = X cosA cos B =2 and1 -2 cos Acos Bcos C

=1-

[ RI\V)
Alw

. Hence the given expression is true if and only if A ABC is equilateral.
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[ Exercise -1 ] SINGLE CORRECT (OBJECTIVE QUESTIONS) ]

1. If tan a+cot a=a then the value of tan*a+cot*a =
(A) a*+ 4a% +2 (B) a* -4az + 2
(C)a*-4a%2-2 (D) None of these

Sol.

2.Ifacos®+bsine=3&asin®-bcosb=4then
a? + b? has the value =

(A) 25 (B) 14 7 (D) None of these
Sol.

3. The value of tan 1° tan 2° tan 3° ..... tan 899 is
(A)1 (B)O (C) (D) 1/2
Sol.

oL 3n .o Tw
tan| X —— |cos| — + X [—SIn°| — — X
4 2 2 2
o 37
Ccos| X —— [tan| — + X
2 2

when simplified reduces to :
(A) sinx cosx (B) -sin>x  (C) -sinx cosx (D) sin?x
Sol.

5. The expression

3 {sin“(B‘;t - ocJ +sin*(3n+ oc)} ) {sine[g + ocj +sin®(5n+ a)}

is equal to
(A) O
Sol.

(B)1 ()3 (D) sin 4o + sin 6o

6. cos (540° - 0) - sin (630° - 0) is equal to
(A)O (B)2cos® (C)2sino (D) sin6-cos6
Sol.

7. The value of sin(n+0) sin (n1—0) cosec?0 is equal to
(A) -1 (B)O (C)sin® (D) None of these
Sol.

8. If sinasinf -cosacos B + 1 =0, then the value
of 1l + cotatan B is
(A) 1 (B)-1
Sol.

(©) 2 (D) None of these

sin242cos 62-sin62sin 662

sin212cos392-cos512sin 692 'S
(©) 2 (D) None of these

9. The value of

(A) -1 (B) 1
Sol.
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tan %+ B
10. If 3 sina = 5 sing, then o—P is equal to
'(anT
(A) 1 (B) 2 (C)3 (D) 4
Sol.

11. If tan A and tan B are the roots of the quadratic
equation x? —ax + b = 0, then the value of sin? (A + B)

2 2
A) 22+ (1-b)? (B) 221 p?
2 a2
©) o+cy (O) 21-ay
Sol.

12. In a triangle ABC if tan A < 0 then :
(A)tanB.tanC>1 (B)tanB.tanC< 1
(OtanB.tanC=1 (D) None of these
Sol.

13. Iftan A - tan B = x and cot B - cot A = vy, then
cot (A - B) is equal to

LI R B | 1.1
(A) v x (B) Xy (© Xy (D) None of these

Sol.

tan1552—-tan1152

0= i

14, If tan 25°=x, then 1+ tan155%tan1158 is equal to

1-x2 1+ x2 1+x2 1-x2
A B C D
A 5 B, O Pie
Sol.
15. If A + B = 2259, then the value of

cotA cotB
1+cotA /\1+cotB) '®

(A) 2 (B) 1/2 )3 (D) 1/3
Sol.

16. The value of tan 3A - tan 2A - tan A is equal to
(A) tan 3A tan 2A tan A

(B) — tan 3A tan 2A tan A

(C)tan Atan 2A -tan 2A tan 3A -tan 3A tan A
(D) None of these
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Sol.

17. tan 203° + tan 229 + tan 203° tan 22° =

(A) -1 (B) 0 (C) 1 (D) 2
Sol.
18. The val f—1_talr12159 i

- The value of -~ 55 Is
(A)1 (B) V3 (© g (D) 2
Sol.

19. If Alies in the third quadrantand 3tan A-4 =0,
then 5 sin 2A + 3 sinA + 4 cosA is equal to

24 24 48
wo  ®-5 ©F O
Sol.
€c0s20%+8sin70°sin50°sin10?
0. SN 80° is equal to
(A)1 (B) 2 (C) 3/4 (D) None of these
Sol.

21. If cos A = 3/4, then the value of

16cos? (A/2) — 32 sin (A/2) sin (5A/2) is

(A) -4 (B)-3 ()3 (D) 4
Sol.

22, The value of the expression

T 3n n 9
1+cos— | 1+cos— | 1+cos— || 1+ cos— | is
10 10 10 10

(A) 1/8 (B) 1/16 (C)1/4 (D)0
Sol.

23. The numerical value of sin 129 . sin 489 . sin 54°
is equal to

(A) 1/2 (B) 1/4 (C)1/16 (D) 1/8
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Sol.

24. If A =tan 6° tan 42° and B = cot 66° cot 789, then

(A)A=2B (B)A=1/3B (C)A=B (D)3A=2B
Sol.

25. If a+B+v= 27, then

(A) tan % +tang +tan% = tan % tan % tan%
(B)tan%tan% +tan%tan% +tan%tan% =1
(C)tan%+tan% +tan% =—tan%tan%tan%
(D) tan % tan %+tan % tan %+tan % tan% =0

Sol.

26. C0S0+C05 % +C05 2% +C05 - +C05 2 +c08 2 +c0s 2 =
. C0S0+C0S 7 +C0S " +C05  +C0S = +C0S 7 +C0S - =

(A) 1/2 (B) -1/2 (©o (D)1

Sol.

27. A regular hexagon & a regular dodecagon are
inscribed in the same circle. If the side of the

dodecagon is (\/§ -1), then the side of the hexagon is

\/§+1 (D)\/E

2

(A) J2+1 (B) (C) 2

Sol.
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28. In a right angled triangle the hypotenuse is 2\/5
times the perpendicular drawn from the opposite
vertex. Then the other acute angles of the triangle are

T T 3n
2&= By Madad
12 P35

T _ T T 3n T
(A)g&g (B)g&g (9)
Sol.

o
29. Ifae [57‘} then the value of

Ji+sina - J1-sino is equal to

(A) 2 cos % (B) 2 sin % (C) 2 (D) None of these
Sol.
1 N 1
30- 05 290° J3sin2500
(A) % (B) % (C) 3 (D) None of these

Sol.

C C
31.IfA+ B+ C=n&sin (A+Ej =ksin 5,
A B
then tan E tan E =
k-1 K+1 k k-1
(A) Kl (B) K—1 (©) Py (D) S
Sol.

32. The value of cot x + cot(60° + x) + cot (120° + x)
is equal to

(A) cos 3x (B) tan 3x

3-9tan®x

C) 3tan 3x _
© 3tanx —tan® x

(D)
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Sol.

3r
33.Ifxe “,? then

4 cos? %—% ++v4sin* x +sin?2x is always equal to

(A)1 (B) 2 (©) -2 (D) None of these
Sol.

34. In any triangle ABC, which is not right angled
Y cos A . cosec B . cosec C is equal to

(A) 1 (B) 2 (©)3 (D) None of these
Sol.

35.If3cosx+2cos3x=cosy, 3sinx+ 2sin3x =
sin y, then the value of cos 2x is
(A) -1 (B) 1/8 (C)-1/8
Sol.

(D) 7/8

CcOoS6X +6c0s4x +15cos2x +10
cos5x +5co0s3x +10cos x

36. The expression

is equal to
(A) cos 2x (B) 2 cos x
Sol.

(C) cos? x (D) 1 + cos x

37.1fcos (A-B) =3/5andtan Atan B = 2,

1 2

(A) cosA cosB = - E (B) sinAsinB = - E

1 4

(C)cos(A+B)=—g (D)sinAcosB=g
Sol.
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38.Ifcosa+cosP=a,sina+sinp=banda-f=26,

cos 36
then =

cos o
(A) a2+ b2-2 (B) a2+ b%2-3
(C) 3-a2-b? (D) (a2 + b?) /4
Sol.

3n
39.IfA+B+C= ?,thenCOSZA+COSZB+COSZC

is equal to
(A) 1-4cos A cosB cosC
(C) 142 cosA cosB cosC

Sol.

(B) 4 sinA sinB sinC
(D) 1-4 sinA sinB sinC

40.If A+ B+ C=7n& cos A =cosB. cos Cthen
tan B . tanC has the value equal to
(A)1 (B) 1/2 (C)2
Sol.

(D) 3

aL.F E<e<£ sinB® +sin20
Ty 2'1+cos6+cos26

(A) (mo0,0) (B) (=2,2)  (C) (0, )

lies in the interval

(D) (-1, 1)

Sol.

2. IfO0<X<mandcos X + sinx = %,thentanxis
(+47) (1-+7)

(®) 2 (D) 2

Sol.

43. Let o, B be such that <o - < 3x.

If si + si __ A d + _.z th
sina + sin B = 65 andcosa + cos P = 65/ en
the value of cos — is

A) - _3_ B 2 C s D —i

Sol.
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44. The value of the expression

cos 1° cos 2° ......... cos 179° equals
(A)O (B)1 (C)1/42 (D)-1
Sol.

45, Which is correct one ?
(A)sin1° <sin1 (B)sin1° =sin 1

yis

e . 10— ain
(C)sin1°>sin1 (D) sin sin 180
Sol.

46. The value of cos 10° - sin 10° is
(A) Positive  (B) Negative (C) 0 (D)1
Sol.

T T
47. The value of tan % + 2 tan E + 4 is equal to

(A) cotg (B) cot% © cot£—4 (D) None of these

16
Sol.
48. The value of cos—~ + %+ @++ 17
. The value o cos19 cos19 cos19 ...+ cos 19
is equal to
(A) 1/2 (B)O O1 (D) None of these
Sol.

3n
49.If — < a<mn, then ,/2coto+

4 S o is equal to
(A) 1 +cot o (B) -1 - cot o
(C)1-cota (D) -1 + cot a
Sol.
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50. If f(8) = sin* 8 + cos? 6, then range of f(8) is

1 13 3
(A) {5,1} (B) {E’Z} (C) [2’1} (D) None of these
Sol.

51.If2cos x + sinx = 1, then value of 7 cos x + 6 sin
x is equal to

(A)2or6 (B)l1or3 (C)2or3 (D) None of these
Sol.

11
52, If cosec A + cot A = E , thentan A'is

21 15 44

2 ® 7 © 377

117
(A) (D) 43

Sol.

3
53.If0° < x < 90° & cos x = ﬁ , then the value of

log,, sin x + log,, cos x + log,, tan x is
(A)O (B) 1 () -1 (D) None of these
Sol.

54, If cot o + tan o = m and - cos o = n, then

cosa
(A) m (mn?)Y3 - n(nm?)/3 =1
(B) m(m?n)Y3 - n(nm?)¥3 =1
(C) n (mn?)Y3 = m(nm?)Y3 =1
(D) n(m?n)Y3 - m(mn?)¥/3 =1
Sol.

55, If 2 sec? o - sec* o — 2 cosec? a. + cosec* o = 15/4,
then tan ais equal to

(A) 1/4J2 (B)1/2
Sol.

(©)1/22 (D)1/4
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s6. 1f SMA 3 qc0sA V5
sinB 2 cosB 2

then tan A + tan B is equal to

(A)J3/45 (B)J5/43 (O)1

Sol.

,0< A, B<mn/2,

(D) (v5 ++/3)/4/5

57.If 3sinx + 4 cosx =5then4sinx -3 cos xis
equal to
(A) O
Sol.

(B) 1 (©5 (D) None of these

) tan® 0 cot® 6
58. If sin 26 = k, then the value of 2 2
1+tan“6 1+cot” 6
is equal to
1-k? 2-k? 5 5
(A) ” (B) ” (O k+1 (D)2 -k

Sol.

2n 4m
59. If f(8) = sin? ® + sin? 6+? + sin2 9+? ,

then f(%] is equal to

NS Q) = D)
w3 (B3 ©) 3 (D) 3
Sol.
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[ Exercise — 11 [MULTIPLE CORRECT (OBJECTIVE QUESTIONS)]

sin X 4+ Cos X

cos® x
(A) 1+tanx + tan?x —tan3x
(C) 1-tanx + tan2x +tan3x
Sol.

1. The value of

(B) 1+tan x+tan2x+tan3x
(D) (1 + tan x) sec?x

2. If (sec A + tan A) (sec B + tan B) (sec C + tan C)
= (sec A-tan A) (sec B - tan B) (sec C - tan C)
then each side is equal to
(A) 1 (B)-1 (0
Sol.

(D) None of these

(cos11%+sin11?)
3. The value of (cos11%—sin112)

(A) —-tan 3040 (B) tan 56° (C) cot 2149 (D) cot 349
Sol.

is

4. If tan? 6 = 2 tan? ¢ + 1, then the value of
CoSs 20 + sin2 o is
(A) 1 (B) 2
Sol.

(C)-1 (D) Independent of ¢

T 2n 4T 8n 16m .
5. The value of cos—cos— cos—cosﬁ cosw is

10 10 10
() Y10+2V5 _cos(x/10)
64 16
cos(n/10) (D) - 10+245
16 64
Sol.

6.If x + y =z, then cos? x + cos? y + c0s? z — 2 COS X
Cos y cos z is equal to

(A) cos?z (B)sin?z (C)cos(x+y-2) (D)1
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Sol.

7.IftanA+tanB+tanC=tan A.tanB. tanC, then
(A) A, B, C may be angles of a triangle

(B) A+ B+ Cis anintegral multiple of ©

(C) sum of any two of A, B, C is equal to third

(D) None of these

Sol.

8. Inatriangletan A+ tanB + tan C =6 and tan A
tan B = 2, then the values of tanA, tan B and tan C are

(A)1,2,3 (B)2,1,3
1,20 (D) None of these
Sol.

9. An extreme value of 1 + 4sin 8+ 3 cos 8 is
(A)-3 (B)-4 ()5 (D)6

Sol.

10. If the sides of a right angled triangle are

{cos2a + cos2p + 2cos(a+p)} and

{sin2a + sin2P + 2sin(a + B)},then the length of the
hypotneuse is

(A) 2[1 + cos(a-B)] (B) 2 [1 - cos(a-B)]

o-P o+p
2 2

(C) 4 cos?
Sol.

(D) 4 sin?

11.ForO0<0<m/2,tan6 +tan 20 + tan 30 = 0 if

(A)tano6 =0 (B)tan20=0
(CO)tan36=0 (D)tano6tan 26 = 2
Sol.

12. (a+2)sina+ (2a-1)cos a = (2a+1l)iftana =
c 2a b 2a
© 2.5 Oz

(A)3/4 (B)4/3
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Sol.

2b
13. Iftan x = a-c (a#c¢)

-c'
y = a Ccos2x + 2b sin x cos X + ¢ sin?x
Z = a sin?x — 2b sin x cos X + ¢ cos?x, then

(A)y=z (B)y+z=a+c
(COy-z=a-c (D)y-z=(a-c)>+4b?
Sol.

(cosA+cosB)” +[ sinA +sinB )”

Sol.

15. The equation sin®x + cos®x = a? has real solution if

(A) ae(-1,1) (B)ae (-1, -1/2)
(C)ae (—%%} (D)ae(1/2,1)
Sol.

16. If 3 sin B=sin (2a+p), then tan (a+f) -2 tan a is
(A) independent of o (B) independent of B

(C) dependent of both o and B

(D) independent of o but dependent of

Sol.

sinA —sinB cos A —cosB
(A) 2 tann ; (B) 2 cotn ; ! niseven
(C©)0:nisodd (D) None of these
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[ Exercise -1 | SUBJECTIVE QUESTIONS ]
1. Prove that B 1 1 1 1
(i) (cosec 6 - sin B) (sec ® — cos B) (tan 6 + cot 8) = 1 | (ii) seco—tano  cosa  cosa  seca+tana
Sol.
Sol.
. 23in6tan6(1—tan6)+23inese026: 2sin®
(i) (1+1tan®)? (1+tane)
Sol.
... cos®*A+sin®A cos®A—sin®*A
(i) . + . =
cosA +sinA cosA -sinA
Sol.
iy [ SMA | ecA-tanA |
" Niisina T
Sol.

3. Eliminate 6 from the relationsasec6=1-btano,
a?sec’0 =5 + b?tan?%0
Sol.

2. Prove that
cosAcosecA -sinAsecA

i - = coseCc A - sec A
( cosA +sinA
Sol.
4. Prove that :
(i) sin? T ooz F _tam & 1
i)sinZ - +cos? - -tan2 — = - —
6 3 4 2
Sol.
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(ii) 2 sin? z + cosec n cos? I cos(m + 6)cos(—6)
6 6 3 6. Prove that : n = cot? 0.
Sol. sin(m — 9)003( + GJ
Sol. 2
7. If tan 6 = -5/12, 6 is not in the second quadrant,
N H H sin(360°-0) + tan(90°+6) 181
(i) 3 cos? z + sec 2n + 5 tan? r_2 cen show et ~8ec(270%+6) + cosec(-6) 338
4 3 3 2 Sol.
Sol.
5. Prove that :
(i) cot? z + cosec @ + 3 tan? r_ 6
6 6 6
Sol.
8. Show that :
(i) sin 209 . cos 40° + cos 20° . sin 400 = \/5/2
(ii) 2 sin? sn + 2 cos? L 2 sec? I 10 Sol.
4 4 3
Sol.
(ii) cos 1009 . cos 40° + sin 100°.sin40° = 1/2
Sol.
- 2T .o T 3
cos”=+sin“— ==
(iii) cos™ o +sin" 45 =4
Sol.
9. Show that :
(i) sin? 750 - sin2 150 = [3/2
Sol.
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(i) sin? 450 - sin2 150 = /3 /4
Sol.

n A t A 1
10. Show that : sin2 g"'E -sin? 8 2= E sin A

Sol.

11. Show that :

206 9 36 LI 50si 9
cos cos 5 cos cos > = sin sin 5

Sol.

12. Prove that
1—cot2(a_ n)
o\ 4)
1+cot2(a_nj

4

Sol.

o 9
+CosEcot 40,; sec ? = cosec 4a.

1
13.P that - = cot 20.
rovetha tan3a—tano  cot3o—cota cot ca

Sol.

14. Prove that

P2 2
sin© A —sin“B

i =tan(A+B

O sinAcos A —sinBcosB ( )
Sol.
(ii) cot (A + 150) - tan (A - 150) = _4C0s2A_

" " 1+2sin2A

Sol.
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15. Prove than

sec8A—-1 tan8A
sec4A -1 tan2A

Sol.

... cosA+sinA cosA-sinA — > tan 2A
(i) cosA—sinA _ cosA+sinA - "
Sol.

16.If A+B=459, prove that (1+tan A) (1+tanB) =2

19
and hence deduce that tan 225 =2 -1

Sol.

17. If 0 < 6 < /4, then show that

Sol.

cos® A —cos3A . sin® A+sin3A

18. Prove that
CosA sinA

Sol.

19. Find the value of
(i) 4 sin 189 cos 36°
Sol.

(ii) cos? 720 - sin? 540
Sol.

20. Prove that
tan 6 tan (60° + 0) tan (60° - 8) = tan 36 and hence
deduce that tan 20° tan 40° tan 60° tan 800 = 3.

J2+:/2(1+Cos46) = 2 cos 6.
M OT?O e
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Sol. Sol.
23. Prove that
(i) cos 2n cos 4n cos on !
i — — - = =
7 7 7 8
Sol.
21. Prove that 4(cos® 209+4cos?® 40°)=3(cos 20°+cos 400°)
Sol.
(i) L 2n 3n 47 5n 1
if) cos -~ cos - €CosS 7 COS [ COS - = -~
11 11 11 11 11 32
Sol.
22, Prove that
tan3x 2cos2x +1
tanx 2cos2x -1
Sol.
... 2sinx  tanx
(ii) — + =
sin3x tan3x
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24. Prove that

. . . . n sinnécos(n+1)0
sin20+sin%20+sin?306+....+sin>n6=— - :
2 2sin06

Sol.

25. If ¢ is the exterior angle of a regular polygon of n
sides and 0 is any constant, then prove that
sin 6 + sin (6+20) + uptonterms =0

Sol.

i
— show that,

26.Ifx+y+z= 5

Sol.

27.If x + y = n + z, then prove that
Sin2x + sin?y - sin?z = 2 sin X sin y cos z.
Sol.

28.If A+ B + C = 2S then prove that

cos (S-A)+cos(S-B)+cos(S-C)+cosS=4
A B C

cos > cos 5 cos >

Sol.

29. If A + B + C = 0° then prove that
sin 2A + sin 2B + sin 2C = -4 sin A sin B sin C.
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Sol.

30. Find the extreme values of

2n 2n
COS X COS ?"'X cos | 5 — X

Sol.

31. Find the maximum and minimum values of
(i) cos 2x + cos? x
Sol.

T
(ii) cos? [Z + Xj (sin x - cos x)2
Sol.

32. Prove that, sin3x.sin® x + cos 3 X .cos? X = cos3 2X.
Sol.

tana +tany
1+tano.tany

sin2a + sin 2y
1+sin2a.sin2y °

33.Iftanp = , prove than

sin 2B =
Sol.

34. Show that :

[o]

1° 1°
(i) cot 7 7 ortan 82 - = (3 +42)V2 +1)

or V2+3+vJ4++6
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Sol.

10
(i) tan 142 =2+ J2-3-.6.
Sol.

35.If sinx +siny =a&cosx + cosy = b, show that,

-y

X _ﬂ:/4—a2—b2
2 a?+b%

) 2ab
sin (X +vy) =m and tan

Sol.

36. Calculate the following without using trigonometric
tables :

(i) tan 99 - tan 279 - tan 63° + tan 819

Sol.
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(i) cosec 10° - /3 sec 10°
Sol.

(i) 2\/5 <in100 sec5® N co.s40— _ 2sin35¢
2 sin5®

Sol.

(iv) cot 70° + 4 cos 70°
Sol.

37.If cos (B-17) + cos (y-a) + cos (a—-B) = _?,
prove that
cosa+cosP+cosy=0,sina+sinpf+siny=0
Sol.

ax by axsin® bycos®
38.If ——+—— =a?-b? 5 T . 5 =
(v) tan 10° - tan 50° + tan 70° cosb sing cos6  sin“6
Sol Show that (ax)¥ + (by)¥? = (a2 - b2)2/3
Sol.
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39. If P, = cos"® + sin"6 and Q, = cos"® - sin"g, then
show that P, - P, _, = - sin%6 cos?6 P__,
Q, - Q,_, = —sin?0 cos?6 Q, _, and hence show that
P, =1-2sin% cos?0

Q, = cos?0 - sin?@

Sol.

40. If sin (0+a) = a &sin (6+B) =b (0 < a,B,0<7/2)
then find the value of cos2 (a—B) - 4 ab cos (- p)
Sol.

41.If A+ B + C = &, Prove that
tanB tanC+tanC tanA+tanA tanB=1+secA.sec B.secC.

Sol.
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42, If tan? a+2 tana . tan 2f=tan?f+2 tanp . tan2q,
then prove that each side is equal to 1 or

tan a = £ tan f.

Sol.

yis
43.Foralloin [05} show that cos (sin ) > sin (cos 6)
Sol.

44. Find the length of an arc of a circle of radius
10 cm which subtends an angle of 45° at the centre.
Sol.

45. If the arcs of the same length in two circles subtend
angles 75° and 120° at the centre, find the ratio of
their radii.

Sol.

3 3n
46. Iftan x = Z,n<x<

P find the value of

X q X
sin — and cos —.
2 2

Sol.

47. Prove that :
(i)sec*A(1-sin*A)-2tanrA=1
Sol.

1-sin®
" 1+secH

2
0 0-1
(i) cot” 0(sec ) = sec? B

1+sin@
Sol.
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48. In a AABC, prove that

A B . C _(n-A)  (n-B) . (=n-C

smE+smE+smE=1+4sm( 2 jsm( 2 jsm( 2 j

Sol.

[ Exercise - IV |  ADVANCED SUBJECTIVE QUESTIONS ]
1. Prove that_: cos2a + cos2 (o + B) — 2cos a €os B 4T 430, 451 . ,7n 3

cos (o + B) = sin2p (b) sin 16.sm 16.sm 16.sm %_E

Sol. Sol.

2. Prove that : cos 2a = 2 sin2p + 4cos (o + B) sin o
sin B + cos 2(a+ B)
Sol.

3. Prove that :
(a) tan 20° . tan 40° . tan 60° . tan 80° = 3
Sol.

4. Calculate without using trigonometric tables :

(a) 4 cos 20°-+/3 cot 200
Sol.
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2co0s40°-cos20°

(b) sin20°
Sol.
T 3n 5n n
6 — 6 — 6 — 6 —
(c) cos 16 + cos 16 + cos 16 + cos 16
Sol.

(d) tan 10° - tan 50° + tan 70°
Sol.

n T 37
5. If X = sin [9+E) + sin (9_§)+ sin (9+E),

n T 37
Y = cos [9+E]+ cos(e_ﬁ) + cos [9+E]

th thtl—i—Zt 20
en prove tha v X~ an 26.

Sol.

6. Find the positive integers p, q, r, s satisfying

tan 57 = (Jp Q) ).

Sol.

7. If mtan (6-30°) =ntan (6+ 120°), show that

m+n
Cos 20 = —2(m—n) .
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Sol.

sin (a-B) = el & o, p lie

8. If cos(oc+B)=% ; T

between 0 &% , then find the value of tan2a.

Sol.

9. Simplify the expression

1/EsinZX
1 a
\/b—a\/ [ b= a T
1+|,/——sinXx
a

f(x)= a+btan®x . forb> a>0.

Sol.

10. (a) If y = 10 cos2x — 6 sin x cos X + 2 sin2x ,
then find the greatest & least value of y.

Sol.

(b) If y =14+ 2sinx + 3cos?x, find the maximum &
minimum valuesof y V xeR.

Sol.

(c) If = y = 9 sec?x + 16 cosec?x, find the minimum
value of y v x € R.

Sol.

T

(d) Prove that 3cos 0+~ | +5c0ose +3 lies from —4 & 10.
3

Sol.

11.If A+ B + C = 7, prove that
tan A

Z(mj = Y (tanA)- 23 (cot A) .
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Sol.

12. Let A, A,,.....,A, be the vertices of an n-sided
regular polygon such that ;

1 1 1
= + -
AA, AA; AA, Find the value of n.

Sol.

14.If o+ B =1y, prove that
Ccos2a+ cos?2 f+ cos2y=1+ 2 COS o COS [ COS .
Sol.

15.1f o+ p+7y= g , show that

1-tan> 1—tanE 1—tan _ . :
2 2 2 ) _ sino+sinB+siny—1

(1 +tan 31(1 +tan gj(1 +tan ;j coso+cosP+cosy

Sol.
1+ sinA cosB 2sinA - 2sinB
13. Show that cosA * 1-siB  sin(A-B) + cosA — cosB *
Sol.
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Sol.

18. Given that (1+tan 19)(1+tan 29)...(1+tan 450)=2",

find n.
16. If P = CoS— + cos %+cos@ oot cOS — | Sol.
19 19 19 19
2n 47 67 7
andQ=cos§ +COS S+ COS S Hn + COST T,
then find P - Q.
Sol.

19. Given that 3sin x + 4 cos x = 5 where x € (0, ©/2).
Find the value of 2 sin x + cos x + 4 tan x.

Sol.
17. In A, B, C denote the angles of a triangle ABC
then prove that the triangle is right angled if and only
if sin4A + sin4B + sin4C =0
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sin9x
€cos27x

sin3x
cos9x

20. Show that, "X+
cos3x
Sol.

=% (tan27x- tanx).

5 5
rm rm
21. letx,= Ir;ICOSﬁ andx,= ;COSF , then show that
1 U
X1 .X2= a [COS GCE - 1j ,

where IT denotes the continued product.
Sol.

2
22, If 6= 77t , prove that

tan6.tan 26 + tan 26.tan 406 + tan40. tane =-7.

Sol.

23. Let k = 19, then prove that

& 1 _ cosk
“~ cosnk-cos(n+1)k sin®k
Sol.
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24.If cos A=tanB, cos B=tan Cand cos C =tanA,
then prove that sin A = sin B = sin C = 2 sin 180°.
Sol.

26. Prove that the triangle ABC is equilateral if,
cotA + cotB + cotC = /3.

Sol.
25. If (1 + sin t)(1 + cos t) = 5/4.
Find value of (1 - sin t)(1 - cos t).
Sol.
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27. Prove that the average of the numbers
nsinn%, n =2, 4, 6,...180, is cot 19,
Sol.

Sol.

30.If A+B+C=xn(A,B,C>0), prove that

siné sinE sing < 1
2 2 278"
Sol.
. 1/2 1/2
28. Prove that: 4sin27° = (5 +J§) —(3— JE) .
Sol.
29, If A+B+C =7 ; prove that
A B C
tan2— + tan2— + tan2— >1.
2 2 2
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31. Show that elliminating x & y from the equations,
sinx + siny =a; cosx + cosy =b &tanx + tany =c
8ab

IV (a2 42 )P—da®

Sol.

=C.

32.If xand y are real number such that x? + 2xy - y> =6,
find the minimum value of (x? + y?)2.
Sol.

[ Exercise-v |

JEE PROBLEMS

1. (a) Let f(8) = sin 6 (sin 6 + sin 36). Then f(0) :
[JEE 2000 (Scr.), 1]

(B) <0 forall real 6

(D) <0only when6<0.

(A) 20 only when6>0
(C)=0forall real 6
Sol.

(b) In any triangle ABC, prove that,
A B C A B C
cotE + cotE + cotE = cotE cot 5 cotE.
[JEE 2000 (Mains), 3]
Sol.
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2. (@) Find the maximum and minimum values of
27cos X ] 81sin 2x'

Sol.

(b) Find the smallest positive values of x & y

satisfying, x—y=%, cotx+coty=2.  [REE 2000, 3]

Sol.

. Ifa+p = g and B + vy = o then tana equals

[JEE 2001 (Scr.), 1]
(B) tan B + tany
(D) 2tanp + tany

(A) 2(tang + tany)
(C)tanp + 2tany
Sol.

4. If 6 and ¢ are acute anglessin6=1/2, cos ¢ = 1/3,
then 6+ ¢ e [JEE 2004 (Scr.)]

w(30(3%) ©E3) o

Sol.
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5. In an equilateral triangle, 3 coins of radii 1 unit
each are kept so that they touch each other and also
the sides of the triangle. Area of the triangle is

A [JEE 2005 (Scr.)]
(A) 4+2J3  (B) 6+443
73 73

Sol.

6.Let6e (0, 1/4) and t, =(tan 6)™"°, t, =(tan 6)“*°,
t, = (cot 0)™"°, t, = (cot 6)°*°, then [IEE 2006, 3]
(A)t, >t >t;>t, B)t,>t;>t, >t

O t;>t, >t >t, D)t,>t;>t, >t,

Sol.

One or more thanoneis/are correct:[Q.7 (a) & (b)]

4 4 1
7.(a) I %#’"Z X = &, then [JEE 2009, 4+4]
- 8
2 2 sin® x cos® x 1
= — + =
(A) tan™x = 5 (B) =3 27 125
. 8 8
2 1 sin® x cos® x 2
= — + =
(€ tan'x = 5 0) =5 27 125
Sol.
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(b) For 0 < 6 < n/2, the solution(s) of 8. The maximum value of the expression
1
6 . . i 2010]
(m-1)n mzn sin? 0+ 3sin@cos0 +5cos2 0 ' [JEE
Zcosec(e+ 4 ) cosec (GJFT] = 442 is (are)
m=1 Sol.
(A) n/4 (B) ©/6 (C) m/12 (D) 5n/12
Sol.
9. The positive integer value of n > 3 satisfying the
1 1 1
equation 0 o) 37 is [JEE 2011]
sin(] sin(] sin(j
n n n
Sol.
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Answer Ex-I

SINGLE CORRECT (OBJECTIVE QUESTIONS)

1.B 2. A 3.A 4.D 5.B 6. A 7. A 8.D
9.A 10.D 11. A 12.B 13.C 14. A 15.B 16. A
17.C 18.C 19. A 20.B 21.C 22.B 23.D 24.C
25. A 26.D 27.D 28.B 29.A 30.B 31.A 32.D
33.B 34.B 35.A 36.B 37.C 38.B 39.D 40.C
41. A 42.B 43. A 44, A 45. A 46. A 47.B 48. A
49.B 50.C 51. A 52.C 53.C 54. A 55. A 56.D
57.A 58.B 59.B

Answer Ex-I1 MULTIPLE CORRECT (OBJECTIVE QUESTIONS)
1.BD 2. AB 3. ABCD 4.D 5.BD 6.CD 7.AB  8.AB
9.BD 10. AC 11.CD 12.BD 13.BC 14.BC 15.BD 16.AB

Answer Ex-I111 SUBJECTIVE QUESTIONS

e 11 . .
3. a’b% + 432 =9b? 19. (i) 1(||)—\/§/4 30. - an 31.(i)2,-1(i)2,0
A s e on
36. (i) 4 (ii) 4 (i) 4 (iv) /3 (v) /3 40. 1 - 2a2- 2b? 44, - cm
S P S I

45.r, :r,=8:5 46. sin 5 J10 and cos 5 Ji0

Answer Ex-1V

ADVANCED SUBJECTIVE QUESTIONS

5 56 sin2x
4. (a)—1,(b)\/§,(c)4,(d)\/§ 6.p=3,q=2;r=2;s=1 8. 33 9'|cosx|
1
10.(d)y, =11,y =1, (b)y. . = 3 Yo = -1, (c) 49 12.n=7 16.1
13

18.n =23 19.5 25. il J10 32.18

Answer Ex-V JEE PROBLEMS

5 . -5 5n T

1.(a)C 2. (a) max.=3"&min. =3 " ; (b)x=E;y=E 3.C 4.B 5.B
6.B 7.(a)A, B; (b)C,D 8.2 9.7
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